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a b s t r a c t

A two-stage semi-parametric estimation procedure for a broad class of copulas satisfying
minimal regularity conditions has been recently proposed. In addition, a three-stage semi-
parametric estimation method based on Kendall’s tau in order to estimate the Student’s t
copula has also been designed. Its major advantage is to allow for greater computational
tractabilitywhen dealingwith high dimensional issues,where two-stage procedures are no
more a viable choice. The asymptotic properties of this methodology are developed and its
finite-sample behavior are examined via simulations. The advantages and disadvantages of
thismethodology are analyzed in terms of numerical convergence andpositive definiteness
of the estimated T -copula correlation matrix.
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1. Introduction

The theory of copulas dates back to Sklar (1959), but its application in financialmodelling is farmore recent anddates back
to the late 90s, instead. A copula is a function that embodies all the information about the dependence structure between the
components of a random vector. When it is applied to marginal distributions which do not necessarily belong to the same
distribution family, it results in a proper multivariate distribution. As a consequence, this theory enables us to incorporate a
flexiblemodelling of the dependence structure between different variables, while allowing them to bemodelled by different
marginal distributions.
A semi-parametric estimation procedure for a broad class of copulas satisfyingminimal regularity conditionswas initially

proposed by Genest et al. (1995), while a method-of-moment estimation procedure based on Kendall’s tau was discussed
by Genest and Rivest (1993). Genest et al. (1995) credit Oakes (1994) for the idea, although they were the first to examine
its asymptotic properties. Shih and Louis (1995) also contributed to this field of the literature. However, recent empirical
financial literature combined these two procedures to estimate the elliptical Student’s t copula, too (see Bouyé et al. (2001),
Marshall and Zeevi (2002), Cherubini et al. (2004), McNeil et al. (2005)). This new methodology entails three stages: a first
stage where a non-parametric estimation of the marginal empirical distribution functions is performed; a second stage
where a method-of-moment estimator based on Kendall’s tau is used for the T -copula correlation matrix, and a third stage
which considers Maximum Likelihood methods for the degrees of freedom ν.
This has become a common procedure among financial practitioners when dealing with high-dimensional portfolios and

standard Maximum Likelihood methods cannot be used. Nevertheless, neither the asymptotic properties of such a multi-
step procedure have been studied, nor its finite-sample properties. The former are important in order to build statistical
tests for the structural parameters, while the latter are of interest to compare the small-sample efficiency and bias of this
estimator with other estimators, such as the classical one-stage ML estimator where the margins are known. Although the
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marginal distributions are unknown in practice, this hypothetical scenario wherein themarginals are assumed to be known,
represents the ideal situation that can be used as a benchmark for comparative purposes, see, e.g., Kim et al. (2007).
What we do in this paper is to provide the asymptotic distribution for this recent semi-parametric method, and use

simulations with different Data Generating Processes to examine the behavior of this estimator in small samples. The
Monte Carlo study shows that this semi-parametric estimator is more efficient and less biased than the one-stage ML
estimator when small samples and copulas with low degrees of freedom are of concern. We then analyze the pros and cons
of this methodology in terms of numerical convergence and positive definiteness of the estimated T -copula correlation
matrix. When small samples are of concern and ν is high, the number of times when the numerical maximization of
the log-likelihood fails to converge is much higher for the ML method than for the three-stage Kendall’s tau Moment
Estimator–Canonical Maximum Likelihood (KME–CML) method. Yet, while the coverage rates at the 95% level for the ML
estimates for ν do not show any particular bias or trend, the KME–CML estimates show very low coverage rates when ν
becomes close to 30 and the correlations are not too strong. However, this drop in the coverage rates is large with bivariate
T -copulas, only, while it is much lower when dealing with higher dimensional T -copulas, which is the usual case for real
managed financial portfolios. Besides, both the ML and the KME–CML methods show high mean and median biases for
the estimated correlations when the true ones are close to zero. Nevertheless, the effects on the coverage rates for the
correlations are rather limited in this case.
Finally, we show that the eigenvalue method by Rousseeuw and Molenberghs (1993) has to be used to obtain a positive

definite correlation matrix only when dealing with very small samples (n < 100) and when the true underlying process has
the lowest eigenvalue close to zero. This fix induces a positive bias in the estimate of ν, but the effects on the coverage rates
are rather limited. Besides, the number of times when this method has to be used quickly decreases when ν increases.
The rest of the paper is organized as follows. We introduce a recent semi-parametric estimation method of Student’s t

copulas based on Kendall’s tau in Section 2 and we provide its asymptotics in Section 3. We present in Section 4 the results
of a Monte Carlo study of the small-sample properties of this estimator, while we conclude in Section 5.

2. The three-stage KME–CML method

The study of copulas has originated with the seminal papers by Höffding (1940) and Sklar (1959) and has seen various
applications in statistics and financial literature. Examples include Clayton (1978), Genest and MacKay (1986a, 1986b),
Genest and Rivest (1993), Rosenberg (1998, 2003), Bouyé et al. (2001), Patton (2004, 2005), Dobric and Schmid (2006),
Huarda et al. (2006), Granger et al. (2006), Fantazzini (2009, in press), Dalla Valle et al. (2008) and Karlis andNikoloulopoulos
(2008). For more details, we refer the interested reader to the recent methodological overviews by Joe (1997) and Nelsen
(1999), while Cherubini et al. (2004) and McNeil et al. (2005) provide a comprehensive and detailed discussion of copula
techniques for financial applications.
Genest et al. (1995) were the first to analyze a semi-parametric estimation of a bivariate copula with i.i.d. observations

and to develop its asymptotic properties. Their Canonical Maximum Likelihood (CML) method differs from full Maximum
Likelihood methods because no assumptions are made about the parametric form of the marginal distributions. We now
briefly review this semi-parametric method since it constitutes the building block for our following analysis.
Let us consider a multivariate random sample represented by Xi = (Xi1, . . . , Xid), and i = 1, . . . , n, where d stands

for the number of variables included and n represents the number of observations available. Let fh be the density of the
joint distribution of X . Then, by using Sklar’s theorem (1959) and the relationship between the distribution and the density
function we have:

fh(Xi;α1, . . . , αd, γ ) = c(F1(X1;α1), . . . , Fd(Xd;αd); γ ) ·
d∏
j=1

fj(Xj;αj) (1)

where fj is the univariate density of the marginal distribution Fj, c is the copula density, αj, j = 1, . . . , d is the vector of
parameters of the marginal distribution Fj, while γ is the vector of the copula parameters. The CML estimation process is
performed in two steps:

Definition 2.1 (CML Copula Estimation).
1. Transform the dataset (Xi1, Xi2, . . . , Xid), i = 1, . . . , n into normalized ranks (Ûi1, Ûi2, . . . , Ûid) using the empirical
distributions Ûij = Fnj(Xij) defined as follows:

Fnj(x) =
1
n

n∑
i=1

1(Xij≤x) (2)

where 1(·) represents the indicator function.
2. Estimate the copula parameters by maximizing the log-likelihood:

γ̂ CML = argmax
n∑
i=1

log(c(Fn1(Xi1), . . . , Fnd(Xid)); γ ). (3)
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Genest et al. (1995) show in Proposition A.1 that under certain regularity conditions, the semi-parametric estimator γ̂ CML
has the following asymptotic distribution (we consider the bivariate case d = 2 for the sake of simplicity, see Genest et al.
(1995), Section 4, for the multivariate case):

√
T (γ̂ CML − γ0)

d
→N

(
0,
σ 2

h2

)
where, (4)

σ 2 = var[lγ (F1(X1), F2(X2); γ )+W1(X1)+W2(X2)], (5)

Wj(xj) =
∫

1Fj(Xj)≤uj lγ ,j (u1, u2; γ ) c(u1, u2; γ ) du1 du2 j = 1, 2 and (6)

h = −E[lγ ,γ (F1(X1), F2(X2); γ )] (7)

and where l(u1, u2, γ ) = log c(u1, u2; γ ) and the indices 1, 2, γ denote the partial derivatives of lwith respect to u1, u2, γ ,
respectively. Besides,Wj(xj) can have this alternative expression too, upon integrating by parts with respect to uj (j = 1, 2):

Wj(xj) = −
∫

1Fj(Xj)≤uj lγ (u1, u2; γ ) lj (u1, u2; γ ) c(u1, u2; γ ) du1 du2. (8)

Since the seminal work by Genest et al. (1995), it has become common practice to use semi-parametric methods with high-
dimensional elliptical Student’s t copulas too; see Cherubini et al. (2004) and McNeil et al. (2005) for a detailed discussion
about their financial applications. Particularly, after the marginal empirical distribution functions are computed in a first
stage, the correlation matrix is estimated in a second stage using a method-of-moment estimator based on Kendall’s tau,
while the degrees of freedom are estimated in a third stage using Maximum Likelihood methods. We remark that the fact
that the margins are estimated in the first stage is not necessary to estimate the correlation matrix, since Kendall’s tau
is based on the number of concordances, which is unaffected by the rank transformation. However, the estimation of the
margins is necessary in the last stage to estimate the degrees of freedom.
Despite the widespread use of this procedure, its asymptotic properties have not been developed yet. Before doing that

and properly define this estimation method, we have to introduce Kendall’s tau, its relation with linear correlation for
elliptical copulas and the method-of-moment estimator based on it. A method for estimating copula parameters based on
Kendall’s tau has been suggested in Genest and Rivest (1993), Lindskog (2000), Lindskog et al. (2002), Cherubini et al. (2004)
and McNeil et al. (2005). This dependence measure can be defined as follows:

Definition 2.2 (Kendall’s Tau). If we have (X1; X2) and (X̃1; X̃2) two independent and identically distributed random vectors,
the population version of Kendall’s tau τ(X1; X2) is (see Kruskal (1958)):

τ(X1, X2) = E
[
sign

(
(X1 − X̃1)(X2 − X̃2)

)]
. (9)

The generalization of Kendall’s tau to n > 2 dimensions can be analogous to the procedure for linear correlation, where
we have a n × nmatrix of pairwise correlations. However, other n-variate generalization of Kendall’s tau are possible, see
Clemen and Jouini (1996) and Barbe et al. (1996) for a discussion about this issue. The main properties of this dependence
measure and relative proofs are reported in Embrechts et al. (2002). Besides, Kendall’s tau can be expressed in terms of
copulas, thus simplifying calculus, see e.g. Nelsen (1999, p. 127).

τ(X1, X2) = 4
∫ 1

0

∫ 1

0
C(u1, u2) dC(u1, u2)− 1. (10)

Evaluating Kendall’s tau requires the evaluation of a double integral and for elliptical copulas like the T -copula this is not
an easy task: this problem was solved by Lindskog et al. (2002) who proved that Kendall’s tau for elliptical distributions is
given by

τ(X1, X2) =
2
π
arcsin ρX1X2 (11)

where ρX1X2 is the copula correlation parameter. It follows easily from the previous equation that the correlation can be
retrieved by the inversion of Kendall’s tau: in the case of the T -copula, the estimated correlation matrix Σ̂ has off-diagonal
elements given by ρ̂ij = sin(πτ̂ij/2), see, e.g. Wang and Wells (2000), Kowalczyka and Niewiadomska-Bugaj (2002) and
Genest et al. (2006).
More formally, Kendall’s tau moment estimator (KME) can be defined as follows: let us consider the population version

of Kendall’s tau (9) and its relationship with copula parameters (10) to build a moment function of the type

E [ψ (X1, X2; γ0)] = 0. (12)
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Then, we can construct an empirical estimate of Kendall’s tau pairwise correlation matrix and use relationship (10) to infer
an estimate of the relevant parameters of the copula. This is a method-of-moments estimate because the true moment (9)
is replaced by its empirical analogue,(

n
2

)−1 ∑
1≤i<s≤n

sign
(
(xi,1 − x̃s,1)(xi,2 − x̃s,2)

)
(13)

and (10) is thenused to estimate the copula parameters. For example,whenusing elliptical copulas and Eq. (11), thismoment
function becomes

E
[
ψ
(
X1, X2; ρX1,X2

)]
= E

[
ρX1,X2 − sin(πτ(X1, X2)/2)

]
= 0 (14)

where ρX1X2 is the copula correlation parameter.
There are cases when the copula parameter vector has different kinds of parameters and only some of them can be

expressed as a function of Kendall’s tau. This is the case for the T -copula which is parameterized by the correlation matrix
Σ and the degrees of freedom ν, but only the former has a direct relationship with Kendall’s tau. This is the copula of
the multivariate Student’s t-distribution and we can derive its density function by using Sklar’s theorem (1959) and the
relationship between the distribution and the density function:

c(tν(x1), . . . , tν(xd)) =
f Student(x1, . . . , xd)

d∏
j=1
f Studentj (xi)

= |6|−1/2
Γ
(
ν+d
2

)
Γ
(
ν
2

) [
Γ
(
ν
2

)
Γ
(
ν+1
2

)]d
(
1+ ζ ′6−1ζ

ν

)− ν+d2
d∏
i=1

(
1+ ζ 2i

2

)− ν+12 (15)

where ζ = (t−1ν (u1), . . . , t−1ν (ud))> is the vector of univariate Student’s t inverse distribution functions, ν is the degrees of
freedom, uj = tν(xj) is the univariate Student’s t cumulative distribution function, while 6 is the correlation matrix. In this
situation, Bouyé et al. (2001) and McNeil et al. (2005) have suggested the following estimation procedure:

Definition 2.3 (Three-stage KME–CML Copula Estimation).
(1) Transform the dataset (Xi1, Xi2, . . . , Xid) into normalized ranks (Fn1(Xi1), Fn2(Xi2), . . . , Fnd(Xid)), using the empirical
distribution function, and which are approximately uniform variates.

(2) Collect all pairwise estimates of the sample Kendall’s tau given by (13) in an empirical Kendall’s tau matrix R̂τ defined
by R̂τjk = τ(Fnj(Xj), Fnk(Xk)), and then construct the correlation matrix using this relationship Σ̂j,k = sin(

π
2 R̂

τ
j,k), where

the estimated parameters are the q = d · (d − 1)/2 correlations [ρ̂1, . . . ρ̂q]′. Since there is no guarantee that this
componentwise transformation of the empirical Kendall’s taumatrix is positive definite,whenneeded, 6̂ can be adjusted
to obtain a positive definite matrix using a procedure such as the eigenvalue method of Rousseeuw and Molenberghs
(1993) or other methods.

(3) Look for the CML estimator of the degrees of freedom ν̂CML by maximizing the log-likelihood function of the T -copula
density:

ν̂ CML = argmax
n∑
i=1

log cT -copula(Fn1(Xi1), . . . , Fnd(Xid); Σ̂, ν). (16)

3. Asymptotic properties of the three-stage method

The second step in the previous Definition 2.3 corresponds to a method-of-moments estimation based on q moments
and Kendall tau rank correlations estimated with empirical distribution functions: we stress again that the estimation of
themargins is not necessary to estimate the correlationmatrix, since Kendall’s tau is unaffected by the rank transformation.
We can therefore generalize Eq. (14) and build a q × 1 moments vector ψ for the parameter vector θ0 = [ρ1, . . . , ρq]′ as
reported below:

ψ (F1(X1), . . . , Fn(Xn); θ0) =

E [ψ1 (F1(X1), F2(X2); ρ1)]...

E
[
ψq
(
Fd−1(Xd−1), Fd(Xd); ρq

)]
 = 0. (17)

Then these theorems follow (the proofs are reported in Appendix A in the technical report by Fantazzini (2009)):
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Theorem 3.1 (Consistency of θ̂ ). Let us assume that (Xi1, . . . , Xid) are i.i.d random variables with dependence structure given by
c(ui,1, . . . , ui,d;Σ0, ν0). Suppose that

(i) the parameter spaceΘ is a compact subset of Rq,
(ii) the q-variate moment vector ψ (F1(X1), . . . , Fd(Xd); θ0) is continuous in θ0 for all Xj,
(iii) ψ (F1(X1), . . . , Fd(Xd); θ) is measurable in Xj for all θ inΘ ,
(iv) E [ψ (F1(X1), . . . , Fd(Xd); θ)] 6= 0 for all θ 6= θ0 inΘ ,
(v) E

[
supθ∈Θ ‖ψ (F1(X1), . . . , Fd(Xd); θ) ‖

]
<∞,

then θ̂
d
→ θ0 as n →∞.

Theorem 3.2 (Consistency of ν̂ CML). Let the assumptions of the previous theorem hold, as well as the regularity conditions
reported in Proposition A.1 in Genest et al. (1995). Then ν̂ CML

d
→ ν0 as n →∞.

The asymptotic normality is not straightforward, since we use a three-step procedure where we perform a different kind
of estimation at the second and third stage. A possible solution is to consider the CML used in the third stage as a special
method-of-moment estimator. Just note that the CML estimator is defined by the derivative of the log-likelihood function
with respect to the degrees of freedom:

∂ l(·; ν)
∂ν

=

n∑
i=1

lν
(
Fn1(Xi1), . . . , Fnd(Xid); 6̂, ν̂

)
= 0. (18)

Dividing both sides by n yields the definition of the method of moments estimator:

1
n

n∑
i=1

lν
(
Fn1(Xi1), . . . , Fnd(Xid); 6̂, ν̂

)
=
1
n

n∑
i=1

ψν(Fn1(Xi1), . . . , Fnd(Xid); 6̂, ν̂) = 0.

Thus, the CML estimator is a simple method-of-moments (MM) estimator with the score as its moment function, where the
sample mean of the score is equal to the population mean of the score. We remind that the MM estimator θ̂ of θ0 based on
the kmoment restrictions E[ψ(Zi, θ0)] = 0 and where Zi = (Yi, Xi) is a vector of endogenous and explanatory variables for
observation i = 1, . . . , n, is the solution to the problem

1
n

n∑
i=1

ψ(Zi, θ̂ ) = E[ψ(Zi, θ0)] = 0.

The method-of-moments estimator is simply the value of θ which sets the sample moments (sample means) equal to the
true population moments. Since the number of parameters is equal to k, the definition of the simple MM estimator is the
solution (the root) of the k (possibly nonlinear) equation system with respect to θ̂ , see, e.g., Greene (2008) for more details.
Therefore, we can now apply the method-of-moments asymptotics together with multivariate rank statistics.
Let us define the sample moments vector Ψ KME-CML for the parameter vector Ξ̂ = [ρ̂1, . . . ρ̂q, ν̂]′ as follows:

Ψ KME−CML

(
Fn1(Xi1), . . . , Fnd(Xid); Ξ̂

)
=



1
n

n∑
i=1

ψ1
(
Fn1(Xi1), Fn2(Xi2); ρ̂1

)
...

1
n

n∑
i=1

ψq
(
Fn(d−1)(Xi(d−1)), Fnd(Xid); ρ̂q

)
1
n

n∑
i=1

ψν

(
Fn1(Xi1), . . . , Fnd(Xid); 6̂, ν̂

)


= 0.

Let us also define the population moments vector with a correction to take the non-parametric estimation of the marginals
into account, together with its variance (see Genest et al. (1995), § 4):

∆0 =


ψ1 (F1(X1), F2(X2); ρ1)
...

ψq
(
Fd−1(Xd−1), Fd(Xd); ρq

)
ψν (F1(X1), . . . , Fd(Xd);60, ν0)+

d∑
j=1

Wj,ν(Xj)

 = 0, (19)

ϒ0 ≡ var[10] = E[1 KME−CML1 KME−CML
′
] (20)
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where

Wj,ν(Xj) =
∫

1Fj(Xj)≤uj
∂2

∂ν∂uj
log c(u1, . . . , ud) dC(u1, . . . , ud). (21)

Note that the populationmoments used to estimate the correlations are not affected by themarginals empirical distribution
functions, since Kendall’s tau is invariant under strictly increasing marginal transformations. Then this theorem follows:

Theorem 3.3 (Asymptotic Distribution Three-stages KME–CML Method). Let the assumptions of the previous theorems hold.
Assume further that ∂ΨKME−−CML(·;Ξ)

∂Ξ′
is O(1) and uniformly negative definite, while ϒ0 is O(1) and uniformly positive definite.

Then, the three-stage KME–CML estimator verifies the properties of asymptotic normality:

√
T (Ξ̂ − Ξ0)

d
−→ N

(
0, E

[
∂Ψ KME−CML

∂Ξ′

]−1
ϒ0 E

[
∂Ψ KME−CML

∂Ξ′

]−1′)
. (22)

The previous asymptotic properties are still valid when dealing with multivariate heteroscedastic time series models,
where one first obtains consistent estimates of the parameters of each univariate marginal time-series, and computes the
corresponding residuals. These are then used to estimate the joint distribution of the multivariate error terms, which is
specified using a copula. Such a result is a straightforward application of Theorems 1 and 2 in Kim et al. (2008), who make
use of, and build upon, recent elegant results of Koul and Ling (2006) and Koul (2002) for these models. Besides, we remark
that essentially the same result of Kim et al. (2008) is also used in Chen and Fan (2006) but without proofs.

Theorem 3.4 (Asymptotic Distribution Three-stages KME–CMLMethod forMultivariate Heteroscedastic Time SeriesModels). Let
the regularity conditions (i)–(v) reported in Theorem 3.1 hold, together with conditions (A.1)–(A.9) in Kim et al. (2008). Then,
the three-stage KME–CML estimator verifies the properties of asymptotic normality defined in (22).

Conditions (A.1)–(A.4) do not involve the time-series aspects of the model and they were also used in Kim et al. (2005) for
the linear regression case with iid errors. Particularly, conditions (A.1)–(A.2) require that the copula density has continuous
partial derivatives up to third order, that they are finite and their second moment is finite. Condition (A.3) is a technical
condition on the partial derivatives, while condition (A.4) requires that the conditions of Proposition A.1 in Genest et al.
(1995) are satisfied. The conditions (A.5)–(A.8) are technical conditions taken from an earlier work by Koul (2002) and Koul
and Ling (2006), while condition (A.9) is a mild one: for example, if the conditional mean is a function of past values of the
time series which is strictly stationary and ergodic, then the summand forms a strictly stationary and ergodic process with
mean zero, and hence (A.9) would be satisfied (see Taniguchi and Kakizawa (2000), Theorems 1.3.3–1.3.5, and Kim et al.
(2008)).
Since themain results on the properties of the proposed semi-parametricmethod are asymptotic, a large-scale simulation

study was carried out to compare its properties with other competing ones.

4. Finite-sample properties and computational aspects

In this section we present the results of a Monte Carlo study of the small-sample properties of the estimator discussed
above for a representative collection of Data Generating Processes (DGPs). Furthermore, we analyze the pros and cons of this
methodology in terms of numerical convergence and positive definiteness of the estimated T -copula correlation matrix.
We consider the following possible DGPs:

(1) We examine the case that two variables have a bivariate Student’s t copula, with the copula linear correlation ρ ranging
between −0.9 and 0.9 (step 0.1). We examine different values for the degree of freedom ν, too, ranging between
3 and 30 (step 1). The former corresponds to a case of strong tail dependence, that is there is a high probability of
observing an extremely large observation on one variable, given that the other variable has yielded an extremely large
observation. The latter exhibits low tail dependence, and corresponds to the case where the T -copula becomes almost
indistinguishable from aNormal copula.We remark that the Student’s t copula generates positive tail dependence,while
the normal copula generates zero tail dependence, instead. See Cherubini et al. (2004) for more details. We consider two
possible data situations: n = 50 and n = 500.

(2) We examine the case where ten variables have a multivariate Student’s t copula, with the copula correlation matrix 6
equal to:
We choose this correlation matrix because its lowest eigenvalue is very close to zero (0.0786) and it allows us to

study the effect that the eigenvalue method by Rousseeuw and Molenberghs (1993) has on the limiting distribution of
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Fig. 1. Coverage rates for the 95% confidence intervals based on a normal approximation of the bivariate T -copula degrees of freedom ν, for n = 50. The
first plot refer to the KME–CML method, while the second one to the ML method.

Fig. 2. The four plots report the p-values for the Welch tests (first row) and Levene tests (second row). The two samples compared in the tests are the
correlation parameters of the bivariate T -copulas, estimated with the ML and KME–CML methods.

the KME–CML estimator. Furthermore, we examine different values for the degree of freedom ν, too, ranging between
3 and 30 (step 1), as well as two possible data situations: n = 50 and n = 500.

(3) We examine the case that ten variables have a multivariate Student’s t copula, with the copula correlation matrix 6
equal to:



D. Fantazzini / Computational Statistics and Data Analysis 54 (2010) 2562–2579 2569

Fig. 3. The four plots report the p-values for the Welch tests (first row) and Levene tests (second row). The two samples compared in the tests are the
degrees of freedom parameters of the bivariate T -copulas, estimated with the ML and KME–CML methods.

Table 1
Correlation matrix T -copula with lowest eigenvalue equal to 0.0768.

1 −0.15 −0.15 −0.15 −0.15 −0.14 −0.09 −0.03 0.05 0.13
−0.15 1 −0.15 −0.15 −0.15 −0.13 −0.08 −0.02 0.06 0.14
−0.15 −0.15 1 −0.15 −0.15 −0.12 −0.07 −0.01 0.07 0.15
−0.15 −0.15 −0.15 1 −0.15 −0.11 −0.06 0.01 0.08 0.15
−0.15 −0.15 −0.15 −0.15 1 −0.10 −0.05 0.02 0.09 0.15
−0.14 −0.13 −0.12 −0.11 −0.10 1 −0.04 0.03 0.10 0.15
−0.09 −0.08 −0.07 −0.06 −0.05 −0.04 1 0.04 0.11 0.15
−0.03 −0.02 −0.01 0.01 0.02 0.03 0.04 1 0.12 0.15
0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 1 0.15
0.13 0.14 0.15 0.15 0.15 0.15 0.15 0.15 0.15 1

This is the correlation matrix of the returns of the first 10 stocks belonging to the Dow Jones Industrial Index,
observed between 18/11/1988 and 20/11/2003. Furthermore, we examine different values for the degree of freedom
ν, too, ranging between 3 and 30, as well as two possible data situations: n = 50 and n = 500.

The estimators considered are the three-stage KME–CML method described in Section 2, and the Maximum Likelihood
estimator computed with given marginals, in order to assess the loss in efficiency associated with absence of knowledge of
themarginals. We also considered the two-stage CMLmethod (where6 and ν are estimated jointly byML), which delivered
results in-between the KME–CML andMLmethods, as expected. Therefore,we donot report its results for the sake of interest
and space.
We generated 1000 Monte Carlo samples for each copula specification previously described and we estimated the T -

copula parameters using both the KME–CML method and the ML method. Then, we computed the following evaluation
statistics:



2570 D. Fantazzini / Computational Statistics and Data Analysis 54 (2010) 2562–2579

Table 2
Correlation matrix T -copula — returns Dow Jones Industrial Index.

1 0.21 0.33 0.22 0.36 0.30 0.37 0.34 0.31 0.47
0.21 1 0.20 0.15 0.27 0.18 0.18 0.31 0.20 0.21
0.33 0.20 1 0.16 0.32 0.28 0.40 0.33 0.17 0.42
0.22 0.15 0.16 1 0.20 0.16 0.18 0.20 0.27 0.20
0.36 0.27 0.32 0.20 1 0.32 0.33 0.55 0.33 0.35
0.30 0.18 0.28 0.16 0.32 1 0.28 0.32 0.26 0.31
0.37 0.18 0.40 0.18 0.33 0.28 1 0.35 0.23 0.40
0.34 0.31 0.33 0.20 0.55 0.32 0.35 1 0.31 0.35
0.31 0.20 0.17 0.27 0.33 0.26 0.23 0.31 1 0.30
0.47 0.21 0.42 0.20 0.35 0.31 0.40 0.35 0.30 1

Fig. 4. The first plot reports the % of convergence failures when maximizing the log-likelihood. The second reports the % of times when the correlation
matrix was not positive definite and the eigenvalue method was used. The third and the fourth plots report the Mean bias (in %), the Median bias (in %)
and the Relative RMSE of the d.o.f. parameter, for the KME–CML method for the 10-variate T -copula with correlation matrix reported in Table 1.

• Mean bias (in %);
• Median bias (in %);
• Relative RMSE of the correlation and degrees of freedom parameters with respect to the true parameters;
• % of convergence failures when maximizing the log-likelihood. We used the maxlik library of the GAUSS software and
a convergence tolerance for the gradient of the estimated parameters equal to 1e−5;
• % of times when the correlation matrix 6 was not positive definite and the eigenvalue method by Rousseeuw and
Molenberghs (1993) was used;
• The coverage rate for the 95% confidence intervals of the T -copula parameters based on a normal approximation.
• t-tests under the null hypothesis that the sample mean across estimated parameters is equal to the true value.

Furthermore, we employed ANOVA based tests to test equality of the means and variances across the sample estimates
delivered by the two considered methodologies. Particularly, we considered the following tests:

• The standard F-test for the equality of variances of two groups;
• The Levene test (1960) to assess the equality of variances in different samples. Levene test and the previous F-test are
often used before a comparison of means: when Levene test is significant, modified procedures are used that do not
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Fig. 5. The first plot reports the % of convergence failures when maximizing the log-likelihood. The second reports the % of times when the correlation
matrix was not positive definite and the eigenvalue method was used. The third and the fourth plots report the Mean bias (in %), the Median bias (in %)
and the Relative RMSE of the d.o.f. parameter, for the ML method for the 10-variate T -copula with correlation matrix reported in Table 1.

assume equality of variance:

FLevene =
N − G
G− 1

·

G∑
g=1
ng(Z̄g − Z̄)2

(G− 1)
G∑
g=1

ng∑
j=1
(Zgj − Z̄g)2

where Zgj = |xgj − x̄g |, g = 1, . . . ,G, Z̄ is the overall mean of all Zgj, Z̄g is the mean of the Zgj for group g , while ng is
the number of observations in group g . The F-statistic for the Levene test has an approximate F-distribution with G = 1
numerator degrees of freedom and N − G denominator degrees of freedom under the null hypothesis of equal variances
in each subgroup (Levene, 1960).
• The standard F-test for the equality of means in two groups;
• If the two groups’ variances are heterogeneous, it is advisable to use theWelch (1951) version of the previous test statistic.
The basic idea is to form a modified F-statistic that accounts for the unequal variances. Using the Cochran (1937) weight
function,

wg = ng/s2g

where s2g is the sample variance in group g, g = 1, . . . ,G, we may form the modified F-statistic as follows:

F∗ =

G∑
g=1

wg(x̄g − x̄∗)2/(G− 1)

1+ 2(G−2)
G2−1

G∑
g=1

(1−hg )2

ng−1

where x̄g is the sample mean within group g , hg is a normalized weight and x̄∗ is the weighted grand mean,

hg = wg/

(
G∑
g=1

wk

)
,
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Fig. 6. The four plots report the p-values for the Welch tests (first row) and Levene tests (second row). The two samples compared in the tests are the
correlation parameters of the T -copula with correlation matrix reported in Table 1, estimated with the ML and KME–CML methods.

x̄∗ =
G∑
g=1

hg x̄g .

The numerator of the adjusted statistic is the weighted between-group mean squares and the denominator is the
weighted within-group mean squares. Under the null hypothesis of equal means but possibly unequal variances, F∗ has
an approximate F-distribution with (G− 1,DF∗) degrees of freedom, where

DF∗ =
(G2 − 1)

3
G∑
g=1

(1−hg )2

ng−1

.

Note that for G = 2 groups, this test reduces to the Satterthwaite (1946) test.

The standard F-tests for the equality of means and variance of two groups are not reported in the paper, but are available
from the author upon request.

4.1. Simulation results: Bivariate T-copula

For the sake of interest and space, we report in the main manuscript only a limited set of results, while most of them are
reported in the Technical Report by Fantazzini (2009). Particularly, Fig. 1 reports the coverage rates for the 95% confidence
intervals based on a normal approximation of the bivariate T -copula degrees of freedom, for n = 50, while Figs. 2 and 3
report the p-values for the Welch tests and Levene tests, under the null hypothesis that the sample means and variances of
the KME–CML and ML methods are equal, respectively.
The remaining set of results are reported in the Technical report by Fantazzini (2009): particularly, Figures 12–13 there

report the Mean bias (in %), Median bias (in %) and Relative RMSE of the correlation and degrees of freedom parameters,
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Fig. 7. The four plots report the p-values for the Welch tests (first row) and Levene tests (second row). The two samples compared in the tests are the
degrees of freedom parameters of the T -copula with correlation matrix reported in Table 1, estimated with the ML and KME–CML methods.

respectively, for the KME–CML method, across different correlation levels and degrees of freedom parameters, as well as
different data samples. Figure 14 in Fantazzini (2009) reports the coverage rate (in %) for a large sample 95% confidence
interval based on a normal approximation for ν and ρ, togetherwith the % of convergence failureswhenmaximizing the log-
likelihood. Figures 15–17 in Fantazzini (2009) report the same simulation statistics but for the ML method. Finally, Figures
26 (first column)–27 (first column) report the t-tests under the null hypothesis that the sample means across estimated
correlations and degrees of freedom are equal to the true values, respectively.
The simulation studies show some interesting results:
With regard to the degrees of freedom ‘‘ν’’, when considering a small sample with n = 50 observations, both the ML

and the KME–CML methods show poor results, with high mean and median biases, as well as high percentage of numerical
convergence failures. However, if a lowvalue for ν is used, the KME–CMLmethod shows better results than theML estimator,
while the reverse is true if ν is high, that is if the T -copula becomes no more distinguishable from a Normal copula (the T -
copula tends to the Normal copula when ν → ∞). The same results are confirmed by the t-tests in Fig. 27 in Fantazzini
(2009) (first column).
When n = 50 and ν is high, the % of time when the numerical maximization of the log-likelihood failed to converge is

much higher for theMLmethod than for the KME–CMLmethod (over 50% vs 30%, respectively). However, while the coverage
rates at the 95% level for theML estimates do not show any particular bias or trend, the KME–CML estimates for ν show very
low coverage rates when ν becomes close to 30 and the correlation is not too strong (between −0.5 and 0.5). Therefore,
the lower number of convergence failures for the KME–CML method comes at a cost: the estimates show much stronger
negative mean (and median) biases than the ML method, around the 70% of the true value vs the 50%, respectively. As a
consequence, the confidence intervals based on a normal approximation are very poor. When a larger sample with n = 500
observations is considered, the twomethods perform ratherwell and theML estimator shows better properties, as expected.
Moreover, the problem with the coverage rates for the KME–CML method disappears.
As for the correlation ‘‘ρ’’, the two methods produce consistent estimates already with very small samples and the

analysis reveals no major difference between the two. However, if the variables are close to be uncorrelated, both methods
present small biases and RRMSE that decrease when n increases (see Figures 12 and 15 in the Technical Appendix
in Fantazzini (2009)).
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Fig. 8. The first plot reports the % of convergence failures when maximizing the log-likelihood. The second reports the % of times when the correlation
matrix was not positive definite and the eigenvalue method was used. The third and the fourth plots report the Mean bias (in %), the Median bias (in %)
and the Relative RMSE of the d.o.f. parameter, for the KME–CML method for the 10-variate T -copula with correlation matrix reported in Table 2.

With regard to ANOVA tests, when the correlation parameters are of concern, the Welch tests in Fig. 2 show that the
sample estimates delivered by the two methods (KME–CML and ML) have means which are not statistically different. A
similar evidence is delivered by the Levene tests for the variances which, however, are statistically different when the true
degrees of freedom ν are low. As for the degrees of freedom parameter, the Welch and Levene tests in Fig. 3 point out that
for n = 50 the twomethods deliver statistically different estimates, particularly with high values for ν and low correlations,
thus confirming the previous evidence with coverage rates.
As regards the computational aspects, as anticipated in the previous points, the ML method shows much higher

convergence failures than the the KME–CML method when n = 50 and ν is higher than 10, while when n = 500 the
numerical performances of the two methods are quite close. Furthermore, the analysis shows that when ν is high and the
KME–CML is employed, the % of convergence failures is higher when T -copulas with weaker correlations are considered,
reaching the maximum when the variables are uncorrelated (see the lower plots in Figure 14 in Fantazzini (2009)). This
pattern is not present for the ML method, instead. This result together with the stronger negative biases of ν̂KME–CML, helps
us to explain the U-shape drop in coverage rates observed in Fig. 1 for the KME–CML method.

4.2. Simulation results: 10-variate T-copula — Ill-specified correlation matrix

For the sake of interest and space, we report in Figs. 4 and 5 the % of convergence failures when maximizing the log-
likelihood, the % of times when the correlation matrix was not positive definite and the eigenvalue method was used, as
well as the Mean bias (in %), the Median bias (in %) and the Relative RMSE of the d.o.f. parameter, for both the KME–CML
and ML methods. Figs. 6 and 7 report the p-values for the Welch tests and Levene tests.
The remaining set of results are reported in the Technical Appendix in Fantazzini (2009): particularly, Figure 18 reports

the Mean bias (in %), Median bias (in %) and Relative RMSE of the correlation parameters, for the KME–CML method,
across different correlation levels and degrees of freedom as well as different data samples. The coverage rates for the 95%
confidence intervals of the T -copula parameters based on a normal approximation are reported in Figure 20. Figures 19 and
21 in Fantazzini (2009) report the same simulation statistics but for the MLmethod. Finally, Figures 26 (second column)–27
(second column) in Fantazzini (2009) report the t-tests under the null hypothesis that the sample means across estimated
correlations and degrees of freedom are equal to the true values, respectively.
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Fig. 9. The first plot reports the % of convergence failures when maximizing the log-likelihood. The second reports the % of times when the correlation
matrix was not positive definite and the eigenvalue method was used. The third and the fourth plots report the Mean bias (in %), the Median bias (in %)
and the Relative RMSE of the d.o.f. parameter, for the ML method for the 10-variate T -copula with correlation matrix reported in Table 2.

With regard to the degrees of freedom ‘‘ν’’, when n = 50, ν is low and the KME–CML method is employed, the analysis
shows a strong positive mean bias and high RRMSE (see Fig. 4). However, the median bias is close to zero and the coverage
rates are similar to the case with the ML method. This difference is due to the high % rates when the correlation matrix is
not positive definite (between 10% and 20%) and the eigenvalue method by Rousseeuw andMolenberghs (1993) is used, see
the second plot in Fig. 4. The analysis shows that this particular ad hoc fix has the effect to introduce a positive mean bias
in ν̂, but the effect on the median is rather limited as well on the coverage rates. Besides, this bias quickly disappears when
ν increases. Similar results can be retrieved by looking at the t-tests in Figure 27 in Fantazzini (2009) (second column).
Instead, when ν is high and the KME–CML method is employed, the simulation results show a negative median bias that

has the effect to decrease the coverage rates below the 95% level. However, we remark that the drop in the coverage rates
is much lower than those observed with bivariate T -copulas.
The ML method shows low positive mean and median biases as well as low RRMSE when ν is low. Then, these biases

increase when ν increases, reaching the maximum around ν = 15, after which they finally decrease (see Fig. 5). The effect
on the 95% coverage rate is just specular: it is high when ν is low, then it decreases and finally it converges to the true value
when ν is higher than 20.
When a larger sample with n = 500 observations is considered, the twomethods perform rather well and the properties

of the two estimators are quite similar. Interestingly, when n = 500 the correlation matrix is always positive definite for all
ν, and the eigenvalue method by Rousseeuw and Molenberghs (1993) is not needed.
As for the correlation matrix, when n = 50, both the ML and the KME–CML methods show mean and median biases as

well as high RRMSE when the correlations are close to zero, see Figures 18 and 19 in Fantazzini (2009). However, the effects
on the coverage rates are rather limited (see upper plots in Figures 20 and 21 in Fantazzini (2009)). Besides, the KME–CML
method shows slightly better results than the ML method.
When n = 500 the previous biases decrease but they still remain quite high for the ML method when ν is low and the

variables are close to be uncorrelated.
With regard to ANOVA tests, when the correlation parameters are of concern, the Welch tests in Fig. 6 show again that

the sample estimates delivered by the two methods (KME–CML and ML) have means which are not statistically significant
different. A similar evidence is delivered by the Levene tests for the variances which are statistically different only when the
true degrees of freedom ν are low.
As for the degrees of freedom parameter, the Welch and Levene tests in Fig. 7 point out that the two methods deliver

statistically different estimates.
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Fig. 10. The four plots report the p-values for the Welch tests (first row) and Levene tests (second row). The two samples compared in the tests are the
correlation parameters of the T -copula with correlation matrix reported in Table 2, estimated with the ML and KME–CML methods.

Regarding the computational aspects, similarly to the bivariate case, the ML method shows higher convergence failures
than the KME–CML method when n = 50 and ν is higher than 10, while when n = 500 the numerical performances of the
two methods are equal and there are no convergence failures. Furthermore, as previously discussed, when n = 50, ν is low
and the KME–CML method is employed, the correlation matrix is not positive definite in 20% of cases and the eigenvalue
method by Rousseeuw and Molenberghs (1993) has to be used. This fix induces a positive bias in the estimate of ν, but
the effects on the coverage rates are rather limited. Besides, the number of times when this method has to be used quickly
diminish when ν increases. Interestingly, the correlation matrix is always positive definite already with n = 500.

4.3. Simulation results: 10-variate T-copula — Dow Jones returns

For the sake of interest and space, we report in Figs. 8 and 9 the % of convergence failures when maximizing the log-
likelihood, the % of times when the correlation matrix was not positive definite and the eigenvalue method was used, as
well as the Mean bias (in %), the Median bias (in %) and the Relative RMSE of the d.o.f. parameter, for both the KME–CML
and ML methods. Figs. 10 and 11 report the p-values for the Welch tests and Levene tests.
The remaining set of results are reported in the Technical Appendix in Fantazzini (2009): particularly, Figure 22 there

reports the Mean bias (in %), Median bias (in %) and Relative RMSE of the correlation parameters, for the KME–CMLmethod,
across different correlation levels and degrees of freedom as well as different data samples. The coverage rate for the 95%
confidence intervals of the T -copula parameters based on a normal approximation are reported in Figure 24 in Fantazzini
(2009). Figures 23 and 25 report the same simulation statistics but for theMLmethod. Finally, Figures 26 (third column)–27
(third column) in Fantazzini (2009) report the t-tests under the null hypothesis that the sample means across estimated
correlations and degrees of freedom are equal to the true values, respectively.
With regard to the degrees of freedom ‘‘ν’’, when n = 50, both the KME–CML and the ML methods show an inverted

U-shape for the positive mean and median biases as well as for the RRMSE, as reported in Figs. 8 and 9. However, the biases
for the KME–CML method are much lower than the ML method (20%–120% vs 0%–30%, respectively). Furthermore, while
the biases for the ML method are very close to those observed for the ill-specified T -copula reported in Fig. 5, the mean
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Fig. 11. The four plots report the p-values for the Welch tests (first row) and Levene tests (second row). The two samples compared in the tests are the
degrees of freedom parameters of the T -copula with correlation matrix reported in Table 2, estimated with the ML and KME–CML methods.

biases observed for the KME–CML method are different from those observed for the same technique when dealing with
the ill-specified T -copula, and reported in Fig. 4. This difference is due to the complete lack of negative definite correlation
matrices (see Fig. 8), so that the eigenvalue method by Rousseeuw and Molenberghs (1993) is not needed.
Instead, both methods show median biases that are very close to those observed for the ill-specified T -copula, and

similarly the 95% coverage rates reported in Figures 24 and 25 (lower plots) in Fantazzini (2009) are very close to those
observed in Figures 20 and 21 (lower plots) in Fantazzini (2009), respectively: that is a U-shape that converges to the true
rate when ν increases for the MLmethod, while a decreasing trend for the KME–CMLmethod. However, we remark that the
drop in the coverage rates for the KME–CML method is again much lower than that observed with bivariate T -copulas.
When a larger sample with n = 500 observations is considered, the twomethods perform rather well and the properties

of the two estimators are quite similar.
As for the correlation matrix, the main results are close to those observed for the 10-variate T -copula with ill-specified

correlation matrix: when n = 50, both the ML and the KME–CML methods show mean and median biases as well as high
RRMSE when the correlations are close to zero, as shown in Figures 22 and 23 in Fantazzini (2009). However, the effects on
the coverage rates are rather limited (see the upper plots in Figures 24 and 25 in Fantazzini (2009)). Besides, the KME–CML
method shows slightly better results than the ML method. Differently from the ill-specified T -copula, the biases are much
more lower, ranging between−10/+10% instead of−100%/+100%.
When n = 500 the previous biases decrease but they still remain quite high for the ML method when ν is low and the

variables are close to be uncorrelated.
With regard to ANOVA tests, when the correlation parameters are of concern, the Welch tests in Fig. 10 show again that

the sample estimates delivered by the two methods (KME–CML and ML) have means which are not statistically significant
different. A similar evidence is delivered by the Levene tests for the variances which are statistically different only when the
true degrees of freedom ν are low.
As for the degrees of freedom parameter, the Welch and Levene tests in Fig. 11 point out that the two methods deliver

statistically different estimates. However, when the dimension n increases, the Levene tests highlight that the variances of
the sample estimates delivered by the two methods are no more statistically different.
Regarding the computational aspects, similarly to the previous analysis, the ML method shows higher convergence

failures than the the KME–CML method when n = 50 and ν is higher than 10, while when n = 500 the numerical
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performances of the two methods are equal and there are no convergence failures. However, as previously discussed, the
eigenvalue method by Rousseeuw and Molenberghs (1993) is not needed already with n = 50: this simulation evidence
confirms previous empirical evidence in Demarta and McNeil (2005)and McNeil et al. (2005, chapter 5) who claim that the
componentwise transformation of the empirical Kendall’s tau matrix is positive definite in most cases.
Therefore, the previous results suggest to use the KME–CMLmethodwhen dealingwith small samples and lowdegrees of

freedom, while the MLmethod is a better choice otherwise. A possible strategy would be to first use the KME–CMLmethod:
if the estimated degrees of freedom are higher than 20, then one should try to use theMLmethod if it converges. Otherwise,
an alternative solution would be to use the simple normal copula, given that the T -copula tends to the Normal copula when
ν →∞, and the two copulas are already quite close when ν > 20. Besides, the drop in the 95% coverage rates highlighted
by our analysis for the KME–CMLmethodwhen ν is high, is quite low if the number of variables is high: this is the usual case
for financial professionals, whose managed portfolios are rarely bivariate, but include a large number of assets to diversify
financial risk.

5. Conclusions

We developed the asymptotics of a recent semi-parametric estimation method used in the financial literature with
the multivariate Student’s T -copula, which involves empirical distribution functions, method-of-moments and maximum
likelihood methods. We examined the finite-sample properties of this estimator via a Monte Carlo study designed to
replicate different Data Generating Processes, and we found that this estimator was more efficient and less biased than
the one-stage ML estimator when small samples and T -copulas with low degrees of freedom were of concern.
We then analyzed the pros and cons of this methodology in terms of numerical convergence and positive definiteness

of the estimated T -copula correlation matrix. When small samples were of concern and ν was high, the number of times
when the numerical maximization of the log-likelihood failed to converge was much higher for the MLmethod than for the
KME–CML method. Yet, while the coverage rates at the 95% level for the ML estimates for ν did not show any particular
bias or trend, the KME–CML estimates showed very low rates when ν became close to 30 and the correlations were not too
strong. However, this drop in the coverage rates was large with bivariate T -copulas, only, while it was much lower when
dealing with higher dimensional T -copulas, which is the usual case for real managed financial portfolios. Besides, both the
ML and the KME–CML methods showed high mean and median biases for the estimated correlations when the true ones
were close to zero. Nevertheless, the effects on the coverage rates for correlations were rather limited in this case.
Finally, we showed that the eigenvaluemethod by Rousseeuw andMolenberghs (1993) has to be used to obtain a positive

definite correlationmatrix only when dealing with very small samples (n < 100) and when the true underlying process has
the lowest eigenvalue close to zero. This fix induces a positive bias in the estimate of ν, but the effects on the coverage rates
are rather limited. Besides, the number of times when this method has to be used quickly decreases when ν increases.
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